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Fully Automatic Clustering System
Giuseppe Patanè and Marco Russo

Abstract—In this paper, the fully automatic clustering system
(FACS) is presented. It is a technique for clustering and vector
quantization whose objective is the automatic calculation of the
codebook of the right dimension, the desired error (or target) being
fixed. At each iteration, FACS tries to improve the setting of the
existing codewords and, if necessary, some elements are removed
from or added to the codebook. In order to save on the number of
computations per iteration, greedy techniques are adopted. It has
been demonstrated, from a heuristic point of view, that the number
of the codewords determined by FACS is very low and that the al-
gorithm quickly converges toward the final solution.

Index Terms—Clustering, enhanced Linde–Buzo–Gray (ELBG),
fully automatic clustering system (FACS), unsupervised learning
(UL), vector quantization (VQ).

I. INTRODUCTION

CLUSTER analysis (CA, or clustering) is an important in-
strument in engineering and other scientific disciplines.

Its applications cover several fields ranging from texture and
image segmentation [1], [2], magnetic resonance imaging [3],
and computer vision [4] to information retrieval [5] and machine
learning [6].

According to Jainet al. [7], CA is the organization of a col-
lection of patterns (usually represented as a vector of measure-
ments, or a point in multidimensional space) into clusters based
on similarity. Intuitively, patterns within a valid cluster are more
similar to each other than they are to a pattern belonging to a
different cluster. Pattern proximity is usually measured by a dis-
tance function defined on pairs of patterns.

In many applications, for example, regarding telecommuni-
cations and signal compression, some techniques, based on al-
gorithms for vector quantization (VQ) are often used [8]–[11].
Also in this case, patterns are subdivided into groups (orcells),
based on similarity measured by a distance function [12]–[16].
Each cell is represented by a vector (calledcodeword) approxi-
mating all of its elements. The set of the codewords is called the
codebook.

In the wide scientific community using techniques for CA
and/or VQ, a widespread opinion is that they are essentially dif-
ferent. CA is, generally, conceived as the problem of identifying,
with an unsupervised approach, the eventual clusters inside the
multidimensional data set to be analyzed [17]–[22]. Differently,
a VQ algorithm is not so much interested in finding the clusters,
but in representing the data by a reduced number of elements
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Fig. 1. Clustering and VQ. (a) Original data set. (b) Pair of clusters identified
by the CA algorithm. (c) VQ with four codewords. (d) VQ with eight codewords.

that approximate the original data set as well as possible. The
concept is clearer with the help of some figures. Let us con-
sider, for example, the bidimensional patterns in Fig. 1(a). The
aim of a CA algorithm is to automatically identify the two clus-
ters present, as shown in Fig. 1(b). A good algorithm can also
autonomously recognize the number of the clusters, even if it
is not knowna priori and also in the presence of noise/outlier
points [2], [4], [23]–[26]. While, if we apply a VQ technique to
the same data set, the number of cells into which the data have to
be subdivided depends only on the desired degree of approxima-
tion. The higher the number of the codewords (and likewise of
the cells), the better the degree of approximation. Four and eight
cells (with the related codewords) are highlighted in Fig. 1(c)
and (d), respectively. It is evident that, in the latter case, the de-
gree of approximation is better that in the former.

In spite of the differences outlined here, it is possible to
demonstrate that, in many cases, CA and VQ are, practically,
equivalent [27]–[29]. Summarizing, we can say that, often,
from an operative point of view, the two approaches roughly ex-
ecute the same operations: grouping data into a certain number
of groups so that a loss (or error) function is minimized.

In literature, several techniques for VQ/CA exist where, as
the algorithm develops, not only the values of the parameters
to be optimized vary, but also their number. They are used for
problems of both supervised learning (SL) and unsupervised
learning (UL). Among them, we cite: growing and splitting
elastic nets (UL) [30], incremental radial basis functions net-
works (SL) [31], growing cell structures [(GCS), SL, and UL]
[32], growing neural gas [(GNG), SL, and UL]) [33], [34] that
take neural gas [35] (UL) as a starting point, fuzzy ARTMAP
(SL) [36] that derives from the adaptive resonance theory
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(ART) of Grossberg [37], the fully self-organizing simplified
ART (FOSART) [29], [38], and the competitive agglomeration
algorithms [2], [25].

In this paper, the fully automatic clustering system (FACS)
is presented. It is a VQ/CA iterative algorithm whose aim is,
given a data set and a target error, to find a codebook that
approximates the input data set with an error less than. The
cardinality of the codebook, such as the codewords themselves,
is a parameter that the system, in a completely automatic way,
identifies during its execution. At each iteration, FACS tries to
improve the setting of the existing codewords and, if neces-
sary, some elements are removed from or added to the code-
book. In order to save on the number of computations per iter-
ation,greedytechniques, i.e., techniques of local updating, are
adopted. In this paper it is also demonstrated, from a heuristic
point of view, that the number of the codewords is very low and
that the algorithm quickly converges toward the final solution.

This paper is organized as follows: in Section II, a brief intro-
duction about VQ is given. Section III summarizes the enhanced
Linde–Buzo–Gray (ELBG) algorithm, that is the starting point
for FACS. In Section IV, FACS is presented, and its perfor-
mances are reported in Section V. Conclusions are presented in
Section VI.

II. VQ

A. Definition

The objective of VQ is the representation of a set of feature
vectors by a set, , of
reference vectors in . is calledcodebookand its elements
codewords. The vectors of are also calledinput patterns,
input vectorsor input data set. So, a VQ can be represented as
a function: . The knowledge of permits us to ob-
tain a partition of constituted by the subsets (called
cells)

(1)

B. Quantization Error (QE)

The QE is the value assumed by , where is a
generic distance operator for vectors. Several functions can be
adopted as distortion measures [12]. In this paper, we will con-
sider two of them: the square error (SE) and the weighted square
error (WSE). Their formulations are

(2)

for the SE and

(3)

for the WSE, where are the weights for each of the
components.

The mean QE (MQE) is used to evaluate the performance of
a quantizer. In particular, if the SE is adopted for the distortion
measure, the MQE is called mean square error (MSE); if the

WSE is used, then the MQE is called weighted mean square
error (WMSE). We will also use the square root of the MSE
(RMSE).

In general terms, when is constituted by a finite number
( ) of elements, the MQE is given by

MQE

(4)

where we indicate with the th cell total distortion

(5)

Equations (4) and (5) show that the MQE can be calculated as
a function ( ) of the codebook ( ) and the partition ( ). Now,
we report two important conditions we will use throughout this
paper that are necessary for calculating the optimal partition
(when the codebook is fixed) and the optimal codebook (when
the partition is fixed) [12].

Nearest neighbor condition (NNC): Given a fixed codebook
, the NNC consists in assigning to each input vector the nearest

codeword. So, it is possible to divide the input data set in the
following manner:

(6)

The sets just defined, constitute a partition of the input data
set. This is called the Voronoi partition [13] and is referred to
with the symbol . It is possible to
demonstrate that the Voronoi partition is optimal [12], i.e., for
every partition of the input data set, it holds

(7)

Centroid condition (CC): Given a fixed partition, the CC
concerns the procedure for finding the optimal codebook. This
is the codebook constituted by the centroid of each cell [12].

If we consider the set constituted by elements
and the SE or the WSE are adopted as measures for distance, its
centroid is

(8)

If we take the codebook constituted by the centroid of all
the cells of

(9)

it is optimum [12], i.e., for every codebook, it holds

(10)

III. PREVIOUS WORKS: ELBG

The starting point of the research reported in this paper was
our previous work: the ELBG [39]. For this reason, here, we
briefly describe it. The ELBG has been developed starting from
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Fig. 2. Situation where the codewords are badly distributed, but locally
optimally placed.

the original LBG algorithm [12], known also as the general-
ized Lloyd algorithm [40]. The ELBG is an iterative algorithm,
that, being fixed, iteration by iteration, produces a quantizer
better than or equal to the one at the previous iteration. The steps
through which it develops can be summarized as follows:

Step 1) Initialization. In [39], it was verified with several ex-
amples that the ELBG is practically insensitive to the
initial choice of the codewords. Therefore, a random
initialization of the codebook is, generally, sufficient
to start it up.

Step 2) Partition calculation. Given the current codebook, the
related Voronoi partition is calculated according to the
NNC (6).

Step 3) Termination condition check. The error at the cur-
rent iteration ( ) is compared with the one
at the previous iteration ( ). If the ratio

is less than a prefixed
threshold () then the algorithm ends; otherwise it
continues with the next step.

Step 4) ELBG-block execution. Its aim is to escape from the
local minima by equalizing the distortions introduced
by the cells ( ); its meaning and the operations exe-
cuted inside will be summarized later, in Section III-A.

Step 5) New codebook calculation. Given the current partition,
the new codebook is calculated according to the CC (9).

Step 6) Return to Step 2.
The steps above are the same as the LBG [12] with the ad-

dition of the ELBG-block between the termination condition
check and the new codebook calculation. The aim of the ELBG-
block is to identify the possible situations of local minima and
to remedy them by shifting some codewords in an opportune
manner.

In Fig. 2, a typical example of a local minimum is reported.
In Fig. 3, a better distribution of the codewords, that arises by
executing the shift of a codeword and some local adjustments, is
shown. The ELBG-block just attempts to remedy the situation
of local minimum by smartly performing several shifts such as
the one illustrated in Figs. 2 and 3.

The mathematical justification of such operations comes from
one of Gersho’s theorems [41]. He explained his partial distor-
tion theorem [42] saying: “Each cell makes an equal contribu-
tion to the total distortion in optimal vector quantization with
high resolution.” Gersho’s theorem is true when certain condi-
tions are verified (according to [42], a high-resolution quantizer
has a number of codewords tending to infinite). But, in [43],
experimental results proved that it maintains a certain validity
also when the codebook has a finite number of elements. So, in

Fig. 3. Better distribution for the codewords than the one shown in Fig. 2.

[39], [44], the ELBG-block was introduced in order to pursue
the equalization of the total distortions of the cells (). The
basic idea of the ELBG-block is to go toward the desired equal-
ization by joining a low-distortion cell with a cell adjacent to it.
At the same time, a high-distortion cell is split into two smaller
ones. So, it is as if the low-distortion codeword is moved in-
side the high-distortion cell. This is a shift of codeword attempt
(SoCA). If this produces a decrease in the MQE, then the SoCA
is confirmed, i.e., a shift of codeword (SoC) is executed. Other-
wise, the shift is discarded. Several SocAs are executed inside
the ELBG block. According to these definitions, Figs. 2 and 3
represent a simple example of a SoCA.

A. ELBG-Block

Now we describe in more detail the operations executed in-
side the ELBG-block.

Previously, we said that the ELBG-block attempts to obtain
the equalization of the distortions by joining low-distortion cells
with cells adjacent to them and by splitting high-distortion cells
into two. If we define the mean distortion per cell as

(11)

we can define as low-distortion the cells with and
as high-distortion the cells with .

1) SoCAs: To execute a SoCA three cells are necessary (see,
for example, Fig. 2). They are as follows:

• th cell ( ): a low-distortion cell ( );
• th cell ( ): the cell whose codeword () has the min-

imum distance from ;
• th cell ( ): a high-distortion cell ( ).

is searched for in a sequential manner. We mean that, for
the first SoCA, we start from the beginning of the codebook
and, when we find a cell whose distortion is less than , we
choose it. Afterwards, we look for the other two cells (and )
that are necessary. At the next SoCA, we continue the search for
another cell from the point where we stopped previously, and
so on. When we reach the end of the codebook, the termination
condition is verified and we try no more SocAs for that iteration
of the ELBG.

is looked for in a stochastic way. The method adopted
sounds like the roulette wheel selection in genetic algorithms
[45]. In practice, we choose a cell with a probability propor-
tional to its distortion value. In mathematical terms

(12)
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Fig. 4. Hyperbox containingS (I ) and the position of the codewords on
the principal diagonal ofI .

In [39] and [46], the criterion adopted for the selection of cells
are described in detail. However, the description given here is
enough to explain the remainder of the algorithm.

Figs. 2 and 3 will be used as a simple bidimensional example
to explain a SoCA. In Fig. 2, the three cells, , and are
represented. We must split the big cell in two smaller ones
and join and to form a bigger cell. This is realized by
shifting near and executing some local rearrangements.

Splitting: We said that we shift near . But, what does
nearmean? We know that a finite number of-dimensional vec-
tors form the input data set. So, we can say thatis contained
inside the -dimensional hyperbox

(13)

where and are, respectively, the minimum and max-
imum values assumed by theth dimension of all the patterns
belonging to . From this consideration, we place bothand

on the principal diagonal of ; in this sense, we can say that
the two codewords areneareach other.

Codewords are set in such a way that the diagonal is sub-
divided into three parts; the central part is twice the length of
the ends, as illustrated in Fig. 4. The situation of Fig. 4 can be
easily generalized to a-dimensional problem. Afterwards, a re-
arrangement of and is executed by means of a local LBG
where only the patterns belonging to the oldconstitute the
input data set and the two codewords on the principal diagonal
are the initial codebook. By choosing a high value for(typi-
cally 0.1 0.3), in a few iterations (one or two) the local LBG
ends. In Fig. 3, we can see the result of this operation where the
two new codewords ( , ) and the two new cells ( , ) are
reported.

Union: After the codeword has been moved away, we add
all of the patterns belonging to the old cell to and we
place in the centroid of the cell so obtained. The result of
this operation is reported in Fig. 3. In symbols

(14)

2) Mean Quantization Error Estimation and Eventual
SoC: After the shift, we have a new codebook () and a new
partition ( ). Therefore, by applying (4), we can calculate
the new MQE. If it is lower than the value we had before the
SoCA, this is confirmed, i.e., it turns into a SoC. Otherwise,
it is rejected. As only three cells and the related patterns are

involved in the SoCA, we can execute the new MQE calculation
considering only the three old cells (, , ), and the three
new ones ( , , ).

B. Considerations Regarding the ELBG

We have seen that a SoC consists of the combined execution
of two operations: the splitting of a cell and the union of two
other cells. Thus, remains unchanged because the codeword
that is eliminated from one place is inserted into another. For this
reason, we use the wordshiftingto describe the whole operation.
Instead, if we execute only the part related to splitting or only
that related to union, the number of codewords will increase or
decrease, respectively. In this way, we can insert or delete some
codewords from a codebook. Such operations can be consid-
ered, in first approximation,fastandintelligentbecause:

1) insertions are effected in the regions where the error is
higher and deletions where the error is lower;

2) operations are executed locally, i.e., without global reor-
ganizations of the codebook and the partition (see Sec-
tion III-A1);

3) several insertions or deletions can be effected during the
same iteration always working locally.

Insertions and deletions of codewords effected by FACS are
realized working in this way, as will be explained in detail in
Section IV.

IV. FACS

A. Introduction

In this section, we will describe how FACS works. As we have
previously mentioned, it is a CA/VQ technique whose objective
is to automatically find the codebook of the right dimension,
when the input data set, the distortion measure and the desired
error (or target, ) are fixed. It develops through a sequence of
iterations like the ELBG, that is taken as a starting point. But,
unlike the ELBG, FACS, evaluates the error at the end of each it-
eration and, according to whether it is above or below the target,
decides to make another iteration with the same number of code-
words or if it is necessary to increase or decrease. Such an
increase or decrease happenssmartly, trying to insert new code-
words where the quantization error is higher and to eliminate
them where the error is lower. A similar strategy is proposed by
Fritzke in [30] and [32] for his competitive-learning algorithms,
while FACS is a -means type algorithm [39], [47]. Besides, in
FACS, insertions and deletions of codewords are regulated by
a stochastic process; in [30] and [32] they occur deterministi-
cally. Particular attention is paid so that the technique employed
allows the convergence of the algorithm toward a good solution
in a few iterations. The results presented in Section V will show
that a number of iterations comparable with the ones required
by the ELBG are enough. In [39], [44], and [46], the high speed
of convergence of the ELBG has already been highlighted.

B. General Description

Each of the iterations through which FACS develops (FACS-
iterations) can be summarized as in Fig. 5. It can be divided
into two parts: in the first one the same operations that have
been described in Section IV-A for the ELBG are executed.
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Fig. 5. FACS iteration.

Fig. 6. Two phases through which FACS develops.

They are: the Voronoi partition calculation, the ELBG-block ex-
ecution and the calculation of the codebook satisfying the CC.
For this reason, such a sequence of operations was grouped
into a single block that we called ELBG-iteration. An FACS
iteration is completed by the execution of the last block (the
FACS-block) whose functionality is tosmartlymodify, if nec-
essary, the number of the codewords.

As illustrated in Fig. 6, we can distinguish two phases during
the execution of FACS. Each of them is constituted by a se-
quence of FACS-iterations like the ones in Fig. 5. For each
FACS-iteration, the ELBG-iteration executes the same opera-
tions for both of the phases, while the operations executed in-
side the FACS-block are different.

The first phase, calledsmart growing, consists of a certain
number of FACS-iterations, during which the number of the
codewords is gradually increased until the error barely goes
below . Such an increase happens by splitting, one at a time,
some cells, chosen among the ones with a total distortion greater
than . So, codewords are inserted where the distortion is
higher.

During the second phase, calledsmart reduction, a certain
number of FACS-iterations are executed during which the
number of codewords is decreased. More precisely, if during
the first phase of an iteration (the ELBG iteration) the error
goes below , as many codewords as are necessary to obtain

are deleted. A codeword deletion is realized by
choosing a cell whose total distortion is less than and
by joining it to the nearest cell.

Fig. 7. Smart growingphase.

After an insertion or deletion occurs, we can calculate the
new distortion by modifying, in (4), only the contributions of
the cells ( ) involved in the splitting or in the union. So, we
are able to immediately evaluate if other insertions or deletions
are necessary without recalculating the Voronoi partition, there-
fore very quickly. The whole procedure for the selection and the
insertion or deletion of the cells will be described later.

Now, let us describe the two phases through which the algo-
rithm develops, as we have shown in Fig. 6.

C. Smart Growing

The initialization of the codebook could be executed starting
from a single codeword in the centroid of the whole input data
set and inserting new ones until the error is below. After-
wards, during the next iterations, codewords in excess would be
removed. However, we realized, experimentally, that a better re-
sult is obtained when the insertion of the codewords is effected
more gradually. By the term better result we mean that, under
the same value of , final codebooks with lower values of
are obtained. The phenomenon was more evident when the com-
plexity of the problem increased.

In Fig. 7, the whole phase of thesmart growingis illustrated.
The growing happens by inserting, each time, as many code-
words as are necessary for the error to be equal to or less than

, where and is monotonically not increasing
from to ( ). In the same picture, the FACS-
block and the operations executed by it when we are in the
smart growingphase are highlighted. Inside the FACS-block,
the block dealing with the insertion of the codewords is further
highlighted. A more detailed description of its function will be
given later in this sction. Once the law regulating the decrease
of with the iteration number () has been fixed, we can sum-
marize thesmart growingas follows.
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Fig. 8. p versus the number of iterations.

Fig. 9. Detailed description of the insertion of the codewords.

1) and being fixed, place the first codeword
in the centroid of the whole input data set.

2) Insert as many codewords as are necessary to obtain
.

3) If ( ) then thesmart growingends.
4) Execute anELBG-iteration.
5) If ( ) then thesmart growingends.
6) .
7) Return to point 2.
We verified experimentally that it is better to select a high

initial value (about one) for and make it decrease quickly iter-
ation by iteration. For this reason, we chose to makedecrease
from to in iterations and that, for the first
iterations, it follows an exponential law, i.e.,

for

for
(15)

where and are positive constant values.
Still experimentally, we saw that about ten iterations are

enough to obtain good results. In Fig. 8, is reported when
and and were fixed so that and

. Such values were used for all of the tests
we effected with FACS.

Fig. 9 details the operations that are executed by the block
regulating the insertion of the codewords inside the FACS-block

Fig. 10. Smart reductionphase.

and highlighted in Fig. 7 for thesmart growingphase. If the
quantization error is above the desired threshold , the
FACS-block inserts the number of codewords necessary to take
it just below. This happens by executing several times the pro-
cedure of the splitting that was explained in Section III-A1 for a
SoCA. For a better understanding of the operations reported in
Fig. 9, we must keep in mind the following.

• The selection of the cell to split and of the related code-
word ( , ) is made among the ones whose distortion is
greater than with the roulette wheel method [see
(12)].

• The splitting of ( , ) in ( , ) and ( , ) happens
as is explained in Section III-A1.

• The update of the partition and of the codebook consists
of the substitution of ( , ) with ( , ) and ( , ).

1) Discussion About the Law Regulating the Decrease of the
Target Error: The employment of the greedy strategy described
above for the insertion of the codewords, allows an enormous
saving on the computation. However, it is a nonoptimal solu-
tion because not all of the elements of the codebook and of the
data set are considered. For this reason, each iteration includes,
as well as a number of local updates, also a global rearrange-
ment. The nonoptimal effect of the local updates is more ev-
ident particularly in the early iterations when the codebook is
very disorganized. In that case, it is necessary to insert a high
number of codewords in order to ensure the desired target. But,
if the initial target is higher than the one specified by the user
and, gradually, approaches it, during the early iterations a lower
number of codewords is inserted. Iteration by iteration, because
of the global optimization, the codewords distribute themselves
better and better; so, the new insertions can occur more exactly.

Besides, also the following phase, i.e., thesmart reduction,
benefits from such a way of operating because it will have to
deal with the removal of a lower number of exceeding code-
words.

D. Smart Reduction

The whole phase of thesmart reductioncan be summarized as
in Fig. 10. The number of the codewords is gradually decreased
as soon as, at the end of an iteration, the error is equal to or
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Fig. 11. Detailed description of the deletion of the codewords.

less than the target. Instead, if the error is above the target we
continue with the same resolution, i.e., with the same number
of codewords. In Fig. 10, the FACS-block and the operations
it executes during thesmart reductionphase are highlighted. A
more detailed description of it is reported in Fig. 11. If the quan-
tization error is equal to or less than the desired value (), the
FACS-block deletes the number of codewords necessary to take
it just above. The elimination happens in asmartway because
we try to remove the codewords that contribute the least to the
total distortion.

To understand better the operations reported in Fig. 11, we
must keep in mind the following.

• The cell to eliminate and the related codeword (, ) are
selected among the ones whose distortion is less than
with a probabilistic method analogous to the one expressed
by (12). Here, the cell to eliminate is chosen with a proba-
bility that is a decreasing function of its distortion. In math-
ematical terms

(16)

• The union of ( , ) and ( , ) to form ( , ) is effected
as explained in Section III-A1.

• The update of the partition and the codebook consist of the
substitution of ( , ) and ( , ) with ( , ).
The block related to the termination condition will be ex-

plained later.

E. Behavior of FACS Versus the Number of Iterations and
Termination Condition

The algorithm was developed so that, during thesmart dele-
tion, the error is always near . This happens thanks to the
continuous adjustments of .

In Fig. 12, we report the typical trend of the error and the
number of codewords FACS works with, versus the number
of iterations. The graph refers to an image compression task,
whose details, that are not, at present, important for under-

standing the picture, are given in the section related to the
comparisons.

For a better graphic visualization, we chose to report the nor-
malized values of the variables in question. In particular,
is normalized with respect to the value found by FACS for
that run after 200 iterations; the RMSE () is normalized with
respect to the target ( ). We can immediately see that, after
the insertion of the codewords ends, the algorithm always keeps
the error very close to . In particular, we can notice the cor-
relation between the two curves represented. When the error is
greater than , is kept constant. As soon asgoes below

, is automatically decreased until the error is above.
The graph just examined suggests two criteria to employ as

termination conditions for FACS. Both of them are to be adopted
when thesmart growingphase has ended.

• The algorithm ends after a certain number of prefixed it-
erations.

• The algorithm ends when a certain number of consecutive
iterations with the same value of have been executed.

If we choose one of them as the termination condition, it is
possible that, when FACS ends, the quantizer obtained, with
codewords, generates an error greater than. Such an error,
considering how the algorithm develops, is very close to.
So, according to its value, it could be considered acceptable.
However, even if it cannot be considered acceptable, it is suf-
ficient to remember that the quantizer with codewords was
obtained by eliminating a codeword from the one with
codewords, that produced an error less than. Therefore, if
we keep in memory the last codebook that was able to ensure
an error less than , we can stop the algorithm at any moment
and have a codebook satisfying the desired specifications.

F. Discussion About Outliers

We wish to underline again that FACS has been conceived
with the aim of autonomously calculating an opportune code-
book having, as its only requirement, the satisfying of a target
error (specified by the user) with the least number of codewords.
However, the presence of outliers may degrade the results ob-
tained by FACS. For example, let us consider Fig. 13(a). There,
we can locate two clusters of points and one outlier point rather
“far” from the clusters. Let us suppose FACS is launched and
that, for a certain value of , it finds three codewords, one in
the center of each cluster and one coinciding with the outlier, as
in Fig. 13(b). According to (4), the MQE is given by

MQE (17)

Given that the outlier is exactly represented by codeword
number 3, we have . Now, if we calculate the MQE only
on the “clean” part of the data set, i.e., excluding the outlier, it is

MQE (18)

Obviously, MQE MQE. This implies that the presence
of outliers can also heavily affect the final result obtained by
FACS. This is not a drawback of FACS, but it derives from the
nature of the algorithm itself.
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Fig. 12. Typical trend ofN (it is N normalized with respect to its value after 200 iterations) andD (normalized with respect toe ) versus the number of
iterations.

Fig. 13. Dataset with two clusters and one outlier.

However, there are applications where the identification of
the outliers is essential in order to avoid their influence on the
final result. In such cases, FACS can still be used, provided a
noise category removal mechanism [38] is added for treating
the outliers. Even if it is outside the scope of this paper, we wish
to cite some methods commonly adopted in literature that, op-
portunely readapted, could represent the desired modifications.
For example, a simple mechanism lets the algorithm run with
the desired value of until it ends. Afterwards, the outliers
are identified (for example, the patterns constituting a cell with
a single pattern), and removed (together with the related code-
words). Therefore, the algorithm can go on with the “clean” data
set so obtained. More advanced mechanisms could provide for
the removal of patterns constituting cells whose cardinality is
less than a prefixed threshold (for example, a certain quota of
the total number of patterns).

V. RESULTS

A. Introduction

In this section, we present the results obtained by FACS and
compare it with both algorithms where the codebook has a fixed
size, and techniques where the dimension of the codebook is not
known.

In order to perform the comparisons, both in terms of final
result and speed of convergence, we looked for similar tech-
niques already documented in the literature. We found several

algorithms that, as underlined by their authors, can generate a
codebook of opportune dimension that is able to ensure the de-
sired level of performance [30]–[33]. However, we noticed they
have been used either as traditional algorithms for VQ/CA [30],
where is fixed, or as algorithms for supervised learning and
classification [32]. For some of them, it is explicitly said that
they can be used to generate a codebook of the opportune size
once the desired error has been fixed [31], [33]. Unfortunately,
we did not find any example where they were employed in this
way. Besides, also when they were used as traditional VQ/CA
algorithms, we found no numerical results directly comparable
with FACS. For example, in [30], Fritzke reports the results re-
lated to an image compression task for its growing and split-
ting elastic net. In particular, he uses the image of Lena [48]
of 480 480 pixels at 256 levels of gray. But, his results also
consider an intermediate processing of the data by means of a
multilayer perceptron; so, they are not directly comparable to
the ones obtained by FACS.

However, comparisons with some of these algorithms ([33]
and GNG-U [49]) have been performed following the sugges-
tion of the author, i.e., making the number of codewords “grow”
until the desired target is reached. Besides, the performances of
FACS can be compared with the ones of a traditional algorithm
for VQ/CA where is a datum. In fact, it is possible to fix a
value of and see what error the VQ algorithm obtains. Af-
terwards, we can choose that error as the target for FACS and
see how many codewords are necessary to obtain that perfor-
mance. The comparison has been executed with the ELBG, that
has obtained performances better than or equal to the ones of
the previous VQ algorithms in [15], [16], [43], [50].

Several more algorithms exist in the literature, where the
number of the codewords is not a datum but one of the results.
Among them, we have chosen to make comparisons with
FOSART, an algorithm in the family of ART [29], [38], and the
competitive agglomeration algorithm [25].

Afterwards, we have tried using FACS for one of the classi-
fication problems reported in [32].

All of the tests have been effected on machines equipped with
Intel Celeron 366-MHz processors and running the LINUX op-
erating system. The related details will be given later.
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TABLE I
ELBG PERFORMANCE

As we have said in Section IV-F, FACS has been conceived
with the aim of autonomously calculating an opportune code-
book having, as its only requirement, the satisfying ofwith
the least number of codewords. We are aware that some of the
algorithms we used for our comparisons were designed for
solving different problems. Thus, a direct comparison with
FACS may appear rather forced. However, the techniques
considered are the works in literature that, to the best of our
knowledge, can be considered more similar to ours.

B. Comparison With ELBG

In this section, we evaluate the performances of FACS for a
typical task of VQ: image compression. For our tests, we chose
the image of Lena of 512 512 of 256 gray levels. It was
subdivided into 16 384 blocks of 4 4 pixels and the related
16-dimensional vectors were used as learning patterns.

The procedure employed to effect the comparisons develops
through the following points.

1) A value for being fixed, the ELBG is executed and its
results, in terms of RMSE, are collected.

2) FACS is executed using the value of the RMSE obtained
by the ELBG as target.

3) The number of codewords found by FACS is compared
with .

The comparison was repeated for several values of. As we
will see, FACS obtains, practically, the same number of code-
words the ELBG had been launched with. Besides, we will see
that it is possible to fix a relatively low number of iterations (we
have chosen 15) and obtain results nearly equal to the ones we
would obtain by making FACS run for a much longer period. In
the remainder of this paper, we describe in detail the procedure
we have followed.

The ELBG was launched for and we
chose a very low value for (0.000 000 01). In this way, the
algorithm ends when, practically, it reaches the minimum for
that run.

In Table I, the results obtained are reported. All of the values
are the mean calculated on ten runs. For each value of, we
report the results obtained after 15 iterations and the ones ob-
tained after the algorithm ends (iterations). Each result is re-
ported together with the variance calculated on the runs effected.

Before we proceed to the comparisons with the ELBG, some
considerations regarding the calculation times are necessary. As
we saw in [39], the time required per iteration, once the input
set has been fixed, increases almost linearly whenincreases,
too. As we can see from Table I, this is, more or less, valid when
passing from to , while this is not true

TABLE II
FACS PERFORMANCES

when passing from to . Such behavior
occurs because, in such a complicated task (the ratio is
four), about half of the patterns are involved in SoCAs during
the execution of the ELBG-block. Instead, in the other cases
considered, the contribution of the ELBG-block is lower and is
in agreement with the rate (about 5%) that we indicated in [39]
and the time per iteration increases almost linearly when
increases, the other parameters being fixed.

Afterwards, we launched FACS with set to the RMSE
found by the ELBG after 15 iterations (RMSE ) and after
infinite iterations (RMSE ) (for the values of consid-
ered) as targets. In Table II, the values obtained by FACS after
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15 and after 200 iterations are reported. As we can see, FACS
obtains codebooks with, practically, the same number of code-
words used by the ELBG to achieve that error; the difference is
inside 3% in all of the considered cases. Besides, the values of

(the number of codewords obtained by FACS normalized
with respect to the value found after 200 iterations) show that,
after 15 iterations, FACS obtains a number of codewords that
is very close to the one it will obtain after 200 iterations; the
difference is below 5% in all of the considered cases. Also the
mean time per iteration for ELBG and FACS are comparable.

C. Comparison With GNG and GNG-U

Here, a comparison with GNG and its variant (GNG-U), both
from Fritzke [33], [49] is reported. They, gradually, insert code-
words until the prefixed number or until a certain “performance
measure” is fulfilled. In our case, the performance measure to
be considered is the achievement of. The error is calculated
at the end of each epoch1 (or iteration) and, like in FACS, ac-
cording to whether it is above or below , a decision about the
insertion of more codewords is taken.

All of the tests described here have been executed using the
image of Lena previously mentioned. Also the simbology is the
same as the one used in the previous comparison.

For the execution of GNG, as well as the desired, it is nec-
essary to specify several configuration parameters. In order to
choose such values, we have referred to the works from Fritzke
where he presented his algorithms [33], [49], [51]. The values
that we extracted from such papers follows:

•
•
•
•
•
• .

We can see that, for, a single value has been used in all of
the examples reported. On the contrary, different values in dif-
ferent examples have been used for the other parameters. So,
we have realized several tests for choosing their best combina-
tion; we fixed RMSE and tried all of the pos-
sible configurations. In the end, we have verified that, for this
problem, the best results were obtained by choosing ,

, , , . We have also
executed some tests with GNG-U, but, if using, for this problem,
the same values of the parameters used by Fritzke, GNG-U per-
forms worse than GNG. According to such considerations, we
have completed our tests with GNG, changing the final RMSE
and using the values determined above. The results obtained are
summarized in Table III. In Table III, two series of values are re-
ported: the former (labeled ) refers to the values obtained
after the least number of epochs necessary for the achievement
of ; the latter refers to the values obtained when the algo-
rithm goes on until a maximum of 50 epochs, in order to better
locate the codewords. is the number of epochs. As regards
the test whose target is RMSE , the algorithm is stopped

1In [32], Fritzke says that, in case of a finite training set, a common measure
is the number of cycles through all training patterns, also calledepochs. Practi-
cally, an epoch is equivalent to a FACS-iteration.

TABLE III
GNG PERFORMANCES

TABLE IV
FOSART COMPARISON

as soon as is reached, because of the high number (136) of
epochs required. By comparing Table III with Table II, we can
clearly see that GNG ensures the desired target with a higher
number of codewords. Further, when the decreases, it also
needs more epochs than FACS for ensuring the target.

D. Comparison With FOSART

Now, we present a comparison with a technique belonging to
the family of the ART algorithms proposed by Baraldi and Al-
paydin in [29] and [38] and called FOSART. The authors them-
selves use it also for tasks of VQ. However, FOSART is not
an algorithm designed exclusively for VQ, but it can also be
used for problems of hidden data structure detection (percep-
tual grouping) and probability density functions estimation.

The parameters we have used for our tests are the ones used
by the authors as default values, while the only quantity we have
made change is the vigilance threshold. The termination con-
dition used for FOSART is the same as the one employed for the
ELBG, with and the MSE as measure for the MQE.
The range of values chosen foris such that the number of code-
words obtained is inside the range of values of considered
for the previous comparisons with ELBG and GNG. The results
of the comparison are reported in Table IV. The first column
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Fig. 14. Prototypes of the competitive agglomertion algorithm after ten
iterations.

represents the value ofFOSART was launched with. The final
MSE obtained by FOSART was given to FACS as target; in the
table, the number of codewords determined by FACS after 15 it-
erations is reported. As we can see, under the same MSE, FACS
needs a number of codewords that is clearly less than the number
of codewords used by FOSART.

E. Comparison With the Competitive Agglomeration
Algorithm

Here, we report a comparison with the technique proposed
by Frigui and Krishnapuram in [25]: the competitive agglomer-
ation algorithm. FACS and the competitive agglomeration algo-
rithm share the property that the number of the codewords (or
prototypes, according to the nomenclature in [25]) has not to be
specified.

Let us consider, for example, one of the data set used in [25]. It
is reported in Fig. 14, together with the four codewords obtained
by the competitive agglomeration algorithm after ten iterations.
Once the RMSE previously obtained has been fixed as the target,
FACS, in only six iterations, finds four codewords located as in
Fig. 15 and the RMSE obtained is practically the same (about
99.8%) as the one of the competitive agglomeration algorithm.

F. Classification

The subject of this section is a comparison between FACS
and the GCS algorithm, another technique proposed by Fritzke
in [32] and used, in the same paper, also for a problem of su-
pervised classification. Also in this case, the task of finding the
right number of codewords is left to the algorithm.

The test mentioned above concerns the problem of the two
spirals: it consists of 194 two-dimensional (2-D) vectors lying
on two interlocked spirals, which are the classes to be distin-
guished in this case.

The whole procedure of the classification is constituted by
several phases, one of which (the clustering phase) consists in
the execution of FACS. We have executed our tests operating
in two distinct modalities. In the former, the labels (class 0 or

Fig. 15. Codewords of FACS after six iterations.

class 1) of the points constituting the spirals are used during
the clustering phase; in the latter, the clustering phase occurs
without using the labels that are employed in the following
phase, i.e., the labeling of the codewords.

1) Mode 1: In this case, the input values are given, together
with the related outputs, to the clustering system. The input
is constituted by 194 2-D vectors representing the two spirals,
while the output is the related membership class (0 or 1).

The procedure we have followed to perform the classification
can be summarized in the following four points.

1) Creation of the learning patterns to train FACS: They are
constituted by the three-dimensional (3-D) vectors obtained
by joining each of the 194 2-D vectors with the related
output as the third component.

2) Clustering phase: FACS is launched giving it the 3-D vectors
constructed at the previous point as the input data set. Later,
we will see the details of this point.

3) Codewords labeling: In order for the classification to happen
correctly, the execution of the opposite operation of the one
at point 1) is necessary. Therefore, in each 3-D codeword,
the components related to the input have to be separated
from the ones related to the output. This, as we have done
for the learning patterns, is used to label the related 2-D
codeword. The codeword will be identified as representing
class 0 or 1 whether more 2-D patterns belonging to class
0 or 1 are present inside the cell in question, respectively
(majority voting, [52]).

4) Classification: Each 2-D input pattern is compared with all
of the labeled 2-D codewords. Once the codeword with the
least distance from the pattern in question has been found,
its label is read and the pattern is considered as belonging to
that class.

The following specifications are necessary so that the execu-
tion of FACS [point 2)] occurs correctly.

• Preprocessing of the data: When the components of the vec-
tors constituting the input patterns all have very different sta-
tistical distribution (as regards both the order of magnitude
and the shape of the distribution) some problems can arise.
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Fig. 16. Two spirals: mode 1.e = 0:01; N = 74.

Fig. 17. Two spirals: mode 1.e = 0:001; N = 144.

In fact, it is possible that the components with higher dy-
namics are approximated with high precision, while the ones
with lower dynamics are approximated with poor precision.
In order to avoid such a situation, the 3-D vectors consti-
tuting the input data set for FACS, have been preprocessed
by normalizing each component with respect to standard de-
viations and, for all of the subsequent operations, the vectors
so obtained have been employed.

• Distortion measure adopted: We tried to force FACS to gen-
erate a codebook with cells of 3-D vectors ashomogeneous
as possible. By the termhomogeneous, we mean that a cell
is constituted by patterns belonging to the same class, i.e.,
the third component of its vectors is the same for all of them.
To realize this condition, we employed the WSE (3) as the
distortion measure and we assigned a very high weight to
the output component with respect to the one assigned to the
input components. In particular, we chose and

(the same result was obtained also for
and, obviously, with ). So, the clustering algo-
rithm is forced to divide the patterns by favoring first their
membership class and then also the neighborhood in the 2-D
space. We have verified that, for the problem in question and
with the value of the weights reported above, already with
a value of that generates only two codewords, the re-
lated cells are entirely homogeneous. Of course, this does not
imply that two codewords are enough for a correct classifi-
cation of the data. The evaluation of the performances occurs
in terms of both classification error and number of iterations
executed.

• Classification error: Figs. 16 and 17 graphically report the
results found when the values and ,
respectively, have been used. In both cases, FACS runs for 15
iterations. In the figures mentioned, points represent learning

patterns and circles represent codewords. The decision re-
gions (the black and white ones in the figures) determined
by the codewords are reported, too. For , FACS
found a codebook with , while, for , a
codebook with was found. In the first case, there
is only one error in the classification of the learning patterns;
in the second case no errors are committed and, as we can see
from the figure, the decision-regions are well defined also
when we are not in proximity to learning patterns. Even if
FACS runs for 200 iterations, it obtains the same number of
codewords found after 15 iterations. Afterwards, we have ex-
ecuted the testing of the results obtained by using the same
test set employed by Fritzke, constituted by 576 points. He
compares this result with the one obtained by Baum and Lang
[53] that, for their best model, report an average of 29 errors
on the test set. Fritzke, with 145 codewords, obtains zero er-
rors on the same test set; FACS too achieves this result with
the 144 codewords of Fig. 17.

• Number of iterations: In [32], Fritzke underlines that, for
every learning method, an important practical aspect is the
number of pattern presentations necessary to achieve a satis-
fying performance. Fritzke says that GCS needs 180 epochs
to achieve the above mentioned result and reports compar-
isons with some earlier methods: backpropagation (BP) [54]
(20 000 epochs), cross entropy BP [54] (10 000 epochs), cas-
cade-correlation [55] (1700 epochs) and he says that the
number of epochs required by GCS is about one or two or-
ders of magnitude less than the other techniques reported.
We can see that FACS needs about 15 iterations to obtain the

same result as the GCS, i.e., a twelfth of the epochs required by
the GCS. However, after a careful analysis of both FACS and
GCS, we have decided that a comparison performed in these
terms is not very precise. In fact, the complexity of the epochs
(iterations) can be different for each of them. From the analysis
effected with several profiling tools we have seen that, in similar
algorithms, almost the whole computation time is spent com-
paring the vectors of the input data set with the vectors of the
codebook (distance calculation). So, we can identify the com-
plexity of an epoch (iteration) as the number of comparisons
executed inside it. But, due to the incremental nature of such al-
gorithms, the number of codewords is not the same for all the
iterations, therefore the complexity of each iteration is different,
too.

As regards FACS, for the example reported in the previous
section, we counted automatically the comparisons effected and,
for (that produced the codebook with 144 ele-
ments), we found a value of about 0.6 million for the 15 iter-
ations executed.

For GCS, we effected the calculation starting from the values
given by Fritzke. It begins with three neurons (that are equiva-
lent to our codewords) and, every 240 pattern-presentations, in-
serts a new neuron until the final number of 145 cells is reached
and for a total number of 180 epochs. We estimated that this is
equivalent to the execution of about 2.6 million of comparisons,
that is about 4.3 times the number of comparisons effected by
FACS.

2) Mode 2: The test on the two spirals problem has been
treated also working in another mode. From the practical point
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Fig. 18. Two spirals: mode 2.e = 0:001; N = 143.

of view, the steps to be executed are the same as the previous
ones but, now, the clustering phase occurs using only the part of
the patterns related to the input (i.e., the original 2-D patterns)
without adding the membership class as the third component.
Besides, we use the SE (2) as the measure for the distortion.

Giving to FACS , it has obtained code-
words, producing 44 classification errors for the learning pat-
terns. Using, , it has found codewords
and zero errors have been obtained both on the learning and in
the testing set. The results related to the last example are re-
ported in Fig. 18. We can see that this is very similar to Fig. 17.
Also in this test, FACS was stopped after 15 iterations and the
same considerations about the computational complexity of the
iterations made for the previous mode can be repeated here.

VI. CONCLUSION

This paper has introduced FACS, a new algorithm for clus-
tering and vector quantization that is able to autonomously find
the number of codewords once the desired quantization error is
specified. The technique uses some concepts previously devel-
oped for an algorithm called ELBG which works with a pre-
fixed number of codewords and rearranges them smartly to es-
cape from the local minima of the error function. Comparative
studies regarding FACS have shown that it is able to find good
results in very few iterations. For complex clustering applica-
tions only 15 iterations are sufficient. In comparison to previous
similar works a significative improvement in the running time
has been obtained.

Further studies will be made regarding the use of different
distortion measures to obtain detection of elipsoidal and linear
clusters, and planar range segmentation [2]. Other studies will
regard the possibility of dealing with input patterns with variable
cardinality.
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